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SOME INTEGRAL REPRESENTATIONS AND PROPERTIES OF
LAH NUMBERS
BAI-NI GUO AND FENG QI
Abstract. In the paper, the authors find some integral representations and
discover some properties of Lah numbers.
1. Introduction
In combinatorics, Lah numbers, discovered by Ivo Lah in 1955 and usually de-
noted by L(n, k), count the number of ways a set of n elements can be partitioned
into k nonempty linearly ordered subsets and have an explicit formula
L(n, k) =
(
n− 1
k − 1
)
n!
k!
. (1.1)
Lah numbers L(n, k) may also be interpreted as coefficients expressing rising fac-
torials (x)n in terms of falling factorials 〈x〉n, where
(x)n =
{
x(x+ 1)(x+ 2) · · · (x+ n− 1), n ≥ 1,
1, n = 0
(1.2)
and
〈x〉n =
{
x(x− 1)(x− 2) · · · (x− n+ 1), n ≥ 1,
1, n = 0.
(1.3)
Lah numbers L(n, k) may be generated by
1
k!
(
x
1− x
)k
=
∞∑
n=0
L(n, k)
xn
n!
. (1.4)
For more information on Lah numbers L(n, k), please refer to [3, p. 156].
In the theory of special functions, it is well known that the modified Bessel
function of the first kind Iν(z) may be defined [1, p. 375, 9.6.10] by
Iν(z) =
∞∑
k=0
1
k!Γ(ν + k + 1)
(
z
2
)2k+ν
(1.5)
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for ν ∈ R and z ∈ C, where Γ represents the classical Euler gamma function which
may be defined [1, p. 255] by
Γ(z) =
∫ ∞
0
tz−1e−t d t (1.6)
for ℜz > 0.
In this paper, we will find some integral representations and properties of Lah
numbers L(n, k).
2. Integral representations of Lah numbers
We first establish integral representations of Lah numbers L(n, k), in which the
exponential function e−1/x and the modified Bessel function of the first kind I1 is
involved.
Theorem 2.1. For 1 ≤ m ≤ n and x > 0, we have
n∑
k=1
L(n, k)xk =
e−x
xn
∫ ∞
0
I1
(
2
√
t
)
tn−1/2e−t/x d t (2.1)
and
L(n,m) =
1
m!
lim
x→0+
∫ ∞
0
I1
(
2
√
t
)
tn−1/2
dm
dxm
(
e−x−t/x
xn
)
d t. (2.2)
Proof. In [28, Theorem 1.2], among other things, it was obtained that the function
Hk(z) = e
1/z −
k∑
m=0
1
m!
1
zm
(2.3)
for k ∈ {0} ∪ N and z 6= 0 has the integral representation
Hk(z) =
1
k!(k + 1)!
∫ ∞
0
1F2(1; k + 1, k + 2; t)t
ke−zt d t (2.4)
for ℜ(z) > 0, where pFq(a1, . . . , ap; b1, . . . , bq;x) stands for the generalized hyper-
geometric series which may be defined by
pFq(a1, . . . , ap; b1, . . . , bq;x) =
∞∑
n=0
(a1)n · · · (ap)n
(b1)n · · · (bq)n
xn
n!
(2.5)
for complex numbers ai and bi /∈ {0,−1,−2, . . .} and for positive integers p, q ∈
N. See also [20, Section 1.2] and [22, Lemma 2.1]. When k = 0, the integral
representation (2.4) becomes
e1/z = 1 +
∫ ∞
0
I1
(
2
√
t
)
√
t
e−zt d t (2.6)
for ℜ(z) > 0. By the way, the integral representation (2.6) has been applied in [11].
Hence, for n ∈ N and x > 0, we have
(
e1/x
)(n)
= (−1)n
∫ ∞
0
I1
(
2
√
t
)
tn−1/2e−xt d t. (2.7)
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In [21, Theorem 2] and its formally published paper [31, Theorem 2.2], the follow-
ing explicit formula for computing the n-th derivative of the exponential function
e±1/x was inductively obtained:
(
e±1/x
)(n)
= (−1)ne±1/x
n∑
k=1
(±1)kL(n, k) 1
xn+k
. (2.8)
By the way, the formula (2.8) have been applied in [10, 12, 13, 18, 20, 22, 28].
Combining (2.7) and (2.8) and rearranging yield
e1/x
n∑
k=1
L(n, k)
1
xn+k
=
∫ ∞
0
I1
(
2
√
t
)
tn−1/2e−xt d t,
n∑
k=1
L(n, k)
1
xk
=
∫ ∞
0
I1
(
2
√
t
)
tn−1/2xne−xt−1/x d t,
which may be rewritten as (2.1).
Differentiating 1 ≤ m ≤ n times on both sides of (2.1) results in
n∑
k=m
L(n, k)
k!
(k −m)!x
k−m =
∫ ∞
0
I1
(
2
√
t
)
tn−1/2
dm
dxm
(
e−x−t/x
xn
)
d t.
Letting x → 0+ in the above equation leads to (2.2). The proof of Theorem 2.1 is
complete. 
3. Properties of Lah numbers
An infinitely differentiable function f on an interval I is called absolutely convex
on I if f (2k)(x) ≥ 0 on I. See either [9, p. 375, Definition 3], or [19, p. 2731,
Definition 4.5], or [29, p. 617, Definiton 3], or [30, p. 3356, Definition 3]. A sequence
{µn}∞0 is said to be absolutely convex if its elements are non-negative and its
successive differences satisfy
∆2kµn ≥ 0 (3.1)
for n, k ≥ 0, where
∆kµn =
k∑
m=0
(−1)m
(
k
m
)
µn+k−m. (3.2)
Theorem 3.1. For n ∈ N, the total sum of Lah numbers
Ln =
n∑
k=1
L(n, k) (3.3)
is an absolutely convex sequence. Specially, the sequence Ln is convex.
Proof. Letting x = 1 in (2.1) gives
Ln =
∫ ∞
0
I1
(
2
√
t
)
tn−1/2e−(1+t) d t.
It is clear that the function tx for t > 0 satisfies d
k tx
d xk = t
x(ln t)k. As a result,
when t > 0, the function tx is absolutely convex with respect to x. Consequently,
the sequence tn is absolutely convex. Hence, the sequence Ln is absolutely convex.
The proof of Theorem 3.1 is complete. 
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4. A recovery of the formula (1.1)
Finally, as by-product, a recovery of the formula (1.1) for Lah numbers L(n, k)
may be carried out as follows.
The generating function (1.4) may be rewritten as
(−1)k 1
k!
(
x
1 + x
)k
=
∞∑
n=k
(−1)nL(n, k)x
n
n!
. (4.1)
The equation (4.1) may be reformulated as
(−1)k 1
k!
1
(1 + x)k
=
∞∑
n=k
(−1)nL(n, k)x
n−k
n!
=
∞∑
n=0
(−1)n+kL(n+ k, k) x
n
(n+ k)!
.
Because
1
(1 + x)k
=
1
(k − 1)!
∫ ∞
0
tk−1e−(1+x)t d t, (4.2)
we have
1
k!
1
(k − 1)!
∫ ∞
0
tk−1e−(1+x)t d t =
∞∑
n=0
(−1)nL(n+ k, k) x
n
(n+ k)!
.
Differentiating m times with respect to x on both sides of the above equation gives
(−1)m 1
k!
1
(k − 1)!
∫ ∞
0
tm+k−1e−(1+x)t d t =
∞∑
n=m
(−1)nL(n+k, k) n!
(n−m)!
xn−m
(n+ k)!
.
Taking x→ 0+ in the above equation yields
(−1)m 1
k!
1
(k − 1)!
∫ ∞
0
tm+k−1e−t d t = (−1)mL(m+ k, k) m!
(m+ k)!
which may be rearranged as
L(m+ k, k) =
(m+ k)!
m!
1
k!
1
(k − 1)!
∫ ∞
0
tm+k−1e−t d t
=
(m+ k)!
m!
1
k!
(m+ k − 1)!
(k − 1)! =
(m+ k)!
k!
(
m+ k − 1
k − 1
)
.
The formula (1.1) is thus recovered.
5. Remarks
Remark 5.1. In the early morning of 30 December 2013, the second author searched
out the paper [4] in which the formula (2.8) was also found independently by five
approaches. The motivation of the paper [4] is different from the ones of [31]
and its preprint [21]. The motivations of the formula (2.8) in [21, 31] essentially
originated from the articles [5, 7, 8] and their preprints [23, 24, 25]. For more
information, please refer to the expository and survey articles [14, 26, 27] and their
preprints [15, 16, 17].
Remark 5.2. In an-email bearing the date March 7, 2014, Dr. Miloud Mihoubi in
Algeria recommended the paper [2] to the authors. In [2, Lemma], it was stated
that if
Pm,k(x) =
m∑
n=1
Lk(m,n)x
n, (5.1)
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then the m roots of Pm,k(x) are real, distinct, and non-positive for all m ∈ N, where
the associated Lah numbers Lk(m,n) for k > 0 may be defined by
Lk(m,n) =
m!
n!
n∑
r=1
(−1)n−r
(
n
r
)(
m+ rk − 1
m
)
(5.2)
and Lk(m,n) = 0 for n > m. Since L1(m,n) = L(m,n), see [2, p. 158, Eq. (4)],
when k = 1, the polynomial Pm,k(x) becomes
Pm,1(x) =
m∑
n=1
L(m,n)xn. (5.3)
For n ∈ N, the integer polynomial
Ln(x) =
n∑
k=0
L(n+ 1, k + 1)xk (5.4)
of degree n satisfies
Ln(x)− Pn+1,1(x)
x
=
n∑
k=0
L(n+ 1, k + 1)xk −
n+1∑
k=1
Lk(n+ 1, k)x
k−1 = 0. (5.5)
Remark 5.3. This paper is a corrected version of the preprint [6].
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